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Recently, a new interesting instability of a charged scalar field in the Reissner-Nordstro¨m-de
Sitter background has been found (arXiv:1405.4931v2) through the time-domain integration of the
perturbation equation. We investigate further properties of this instability, confirm its existence
by concordant frequency-domain and time-domain calculations and show that it occurs at however
small value of the coupling eQ, where e and Q are charges of a scalar field and black hole respectively.
We also investigate the parametric region of instability and show that the critical values of eQ at
which the stabilization happens strongly depends on the value of cosmological constant Λ and softly
on Q. We show that all the unstable modes are superradiant, but not all the superradiant modes
are unstable. We analytically prove that superradiance is necessary (but not sufficient) condition
for the instability in this case and, thereby, demonstrate the superradiant origin of the instability.
PACS numbers: 04.30.Nk,04.70.Bw
I. INTRODUCTION
Interaction of charged fields with the electromagnetic
background of a charged black hole is an active area of
research in the contexts of black hole physics [1–8, 11–14]
and gauge/gravity duality description of superconductors
with high critical temperature [15–20]. An essential dif-
ference of propagation of charged fields in the vicinity of
charged black holes is that the electromagnetic energy of
the black hole can be extracted and carried out by a wave
with increased amplitude [1]. This effect is called super-
radiance and is mainly known for rotating black holes
[21], for which it allows a wave to carry out part of the
black hole’s momentum. Frequently, the stability of a
black hole or a field in its background cannot be tested
analytically, so that a full analysis of quasinormal spec-
trum of a black hole is necessary (see [22, 23] for recent
reviews of black hole stability). When the field has a
nonzero mass, the corresponding bound states (with per-
fectly reflecting boundary conditions) may be unstable
[9, 10], but no real instability occurs upon imposing the
correct, quasinormal boundary conditions [11]. Quasi-
normal modes are proper modes characterizing evolution
of perturbation at later times and requiring purely ingo-
ing wave at the event horizon and purely outgoing wave
at infinity (or de Sitter horizon).
First study of evolution of perturbation of a charged
scalar field in the background of a charged asymptot-
ically flat black hole was performed by S. Hod [2], who
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found asymptotic tails at late times. Further study of the
earlier, quasinormal, stage of the charged fields pertur-
bation for Reissner-Nordstro¨m [4], Reissner-Nordstro¨m
-anti-de Sitter [5] and Kerr-Newman(-de Sitter) space-
times [7, 11] showed that:
• Massless conformally coupled charged scalar field
and charged Dirac field in the background of Kerr-
Newman and Kerr-Newman-de Sitter show no in-
stability in their quasinormal spectrum [7].
• A minimally coupled massive charged scalar field
must be stable in the background of an asymp-
totically flat charged black hole, such as Reissner-
Nordstro¨m or Kerr-Newman [11].
The Reissner-Nordstro¨m-de Sitter is stable against
gravitational and electromagnetic perturbations in 4-
dimensional space-time, showing the instability only in
higher dimensions [24, 26]. However, a new interesting
instability has been found recently for a minimally cou-
pled charged scalar field in the Reissner-Nordstro¨m-de
Sitter background by Z. Zhu and collaborators [27]. This
instability has a number of peculiar properties:
1. It takes place only for the most symmetric s-mode
of the perturbation, while higher multipoles are sta-
ble.
2. It occurs for small values of eQ coupling, but sur-
prisingly, large values of eQ stabilize the system.
3. It develops slowly, so that considerable growth is
achieved only at times comparable with cosmolog-
ical scales.
4. Even relatively small mass of the field acts as a
stabilizing factor.
2In the present paper we make further investigation of
properties of the above instability. First, we confirm
the presence of the instability not only by reproducing
the time-domain profiles of [27], but also detecting the
growing modes in the frequency domain with the help of
Frobenius expansion. Next, we analyze the parametric
region of instability. Finally, we show that all the grow-
ing modes have nonzero real part of ω, which satisfy the
condition of superradiance. We prove analytically that
the condition of superradiance is necessary but not suffi-
cient for the instability of the charged scalar field in the
background of the Riessner-Nordstro¨m-de Sitter space-
time.
The paper is organized as follows. Sec. II introduces
the basic formula on the background space-time and the
equation of motion for a massive charged scalar field. In
Sec. III we analyze the connection between superradi-
ance and instability. Sec. IV is devoted to numerical
methods used in the paper, while Sec. V is a summary
of obtained numerical results.
II. THE BASIC EQUATIONS
The Reissner-Nordstro¨m-de Sitter black hole back-
ground can be described by the metric
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdφ2) , (1)
where
f(r) = 1− 2M
r
+
Q2
r2
− Λr
2
3
. (2)
and M and Q are the black hole mass and charge, re-
spectively, Λ is the cosmological constant.
We shall designate the Cauchy, event, and cosmological
horizons as r−, r+, and rc respectively (r− < r+ < rc).
Then, the metric function f(r) can be written as,
f(r) =
Λ
3r2
(r − r+)(r − r−)(rc − r)(r − ro) . (3)
A charged, massive scalar field ψ in curved space-time
obeys the Klein-Gordon equation
[(∇ν − ieAν)(∇ν − ieAν)− µ2]ψ = 0 , (4)
where e and µ are, respectively, the charge and mass of
the field and Aµ = −δ0µQ/r is the electromagnetic 4-
potential of the black hole.
After the standard separation of angular variables with
the help of spherical harmonics and introduction a new
wave function Ψ, the above equation of motion can be
reduced to the following form:
− ∂
2Ψ
∂t2
+
∂2Ψ
∂r2∗
− 2iΦ∂Ψ
∂t
+ (Φ2 − V )Ψ = 0 , (5)
where dr∗ =
dr
f(r) is the tortoise coordinate, and
Φ(r) =
eQ
r
, V (r) = f(r)
(
µ2 +
l(l+ 1)
r2
+
f ′(r)
r
)
. (6)
III. SUPERRADIANCE AND INSTABILITY
In order to analyze superradiance around the Reissner-
Nordstro¨m-de Sitter black hole, we consider the scatter-
ing problem for a charged scalar field. Owing to the
∂t Killing vector for stationary space-times, the follow-
ing ansatz Ψ(r, t) = exp[−iωt]Ψ(r) transforms (5) to the
Scho¨rdinger-like form
d2Ψ
dr2∗
+ (ω − Φ(r))2Ψ− V (r)Ψ = 0 . (7)
Due to the Re(ω) → −Re(ω), Φ(r) → −Φ(r) symmetry
of (7), consideration of the eQ > 0 case only is sufficient.
We shall be using the standard scattering boundary
conditions, implying that the wave coming from the cos-
mological horizon will be partially reflected from the po-
tential barrier and come back to the cosmological hori-
zon, while at the event horizon purely in-coming wave is
always required:
Ψ ∼
{
Be−i(ω−Φ(r+))r∗ , r → r+,
e−i(ω−Φ(rc))r∗ +Ae+i(ω−Φ(rc))r∗ , r → rc. (8)
Since the Wronskian of the complex conjugated solutions
is constant, one can derive the following relation
|A|2 = 1− ω − Φ(r+)
ω − Φ(rc) |B|
2 . (9)
Amplification of the incident wave, that is, a superradi-
ance, occurs when
Φ(rc) =
eQ
rc
< ω <
eQ
r+
= Φ(r+). (10)
When the cosmological constant Λ approaches zero, the
above superradiant condition Eq. (10) is reduced to the
one for asymptotically flat space-times [1, 3] (ω is the
real oscillation frequency).
Let us now understand how the condition of superradi-
ance is related to instability, that is, to the possible pres-
ence of growing quasinormal modes in the black hole’s
spectrum. For this, let us consider the quasinormal (and
not scattering) boundary conditions and imply that fre-
quencies, generally, are complex:
Ψ ∼
{
e−i(ω−Φ(r+))r∗ , r → r+, (r∗ → −∞),
e+i(ω−Φ(rc))r∗ , r → rc, (r∗ → +∞). (11)
We shall prove that the real part of ω satisfying (10)
is the necessary, but not sufficient, condition for the in-
stability.
First, let us multiply (7) by the complex conjugated
Ψ⋆ and integrate the first term by parts,
Ψ⋆(r⋆)Ψ
′(r⋆)
∣∣∣∣∣
∞
−∞
+
∞∫
−∞
(ω − Φ)2|Ψ(r⋆)|2dr⋆ (12)
=
∞∫
−∞
(
V |Ψ(r⋆)|2 + |Ψ′(r⋆)|2
)
dr⋆.
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FIG. 1: Real and imaginary part of the signal for eQ = 0.4,
r− = 0.07r+, r+ = 0.186rc (Q = 0.5M , ΛM
2 = 0.023). The
dominant frequency is ωr+ = 0.089160 + 0.000754i.
The righthand side is real and positive since the effective
potential V is positive. Because Φ(r) is a monotonically
decreasing function, taking imaginary part of both sides,
we find that if either Re(ω) ≥ Φ(r+) ≥ Φ(r) or Re(ω) ≤
Φ(rc) ≤ Φ(r) is satisfied, then we have Im(ω) < 0. This
proves that the instability can take place only if
Φ(rc) =
eQ
rc
< Re(ω) <
eQ
r+
= Φ(r+). (13)
Indeed, in the time-domain profiles (fig. 1) we ob-
serve that the real part for all the unstable modes we
found satisfy (13). For eQ larger than the threshold of
instability the real part of the dominant mode also sat-
isfies (13), being stable. This is qualitatively different
from the higher-dimensional asymptotically anti-de Sit-
ter black holes, for which the necessary condition is also
the sufficient one [28, 29].
IV. TIME-DOMAIN AND
FREQUENCY-DOMAIN ANALYSIS
Here in order to integrate the wave equation (5) and
analyze the spectrum of the perturbation, we shall use,
first of all, the time-domain integration, which includes
contribution from all modes. The discretization scheme
which we shall use was proposed in [30]. Defining
Ψ(r∗, t) = Ψ(j∆r∗, i∆t) = Ψj,i, V (r(r∗)) = V (j∆r∗) =
Vj and Φ(r(r∗)) = Φ(j∆r∗) = Φj , we can write down (5)
as
− (Ψj,i+1 − 2Ψj,i +Ψj,i−1)
∆t2
− 2iΦj (Ψj,i+1 −Ψj,i−1)
2∆t
+
(Ψj+1,i − 2Ψj,i +Ψj−1,i)
∆r2∗
− VjΨj,i = O(∆t,∆r∗).
The initial Gaussian wave-package has the form Ψ(r∗, t =
0) = exp
[
− (r∗ − a)2/2b2
]
, Ψ(r∗, t < 0) = 0. Then, the
evolution of Ψ can be described by the following expres-
sion
Ψj,i+1 = − (1− iΦj∆t)Ψj,i−1
1 + iΦj∆t
+
∆t2
∆r2∗
Ψj+1,i +Ψj−1,i
1 + iΦj∆t
+
(
2− 2∆t
2
∆r2∗
−∆t2Vj
)
Ψj,i
1 + iΦj∆t
.
Following [30], we choose the parameters a = 0 and b =√
10 in the Gaussian wave package and use
∆t
∆r∗
=
1
2
< 1,
making sure that ∆t is small enough to achieve the re-
quired precision of the profile.
Real part of ω cannot be extracted from a time-domain
profile obtained with the help of the above integration for
|Ψ(r = const, t)| because charged field perturbations are
complex. In [27] it was erroneously reported that the
growing modes have zero real part and, therefore, cannot
be superradiant. It turns out, that while absolute value of
Ψ does not oscillate at the late times, its phase continues
changing, implying nonzero real part of ω. In order to
calculate Re(ω) we used the Prony method of fitting the
time-domain profile data by superposition of damping
exponents [31]
Ψ(r, t) ≃
p∑
i=1
Cie
−iωi(t−t0). (14)
We consider a late time period, which starts at t0 and
ends at t = N∆t + t0, where N is an integer and N ≥
2p−1. Then the formula (14) is valid for each value from
the profile data:
xn ≡ Ψ(r, n∆t+ t0) =
p∑
j=1
Cje
−iωjn∆t =
p∑
j=1
Cjz
n
j . (15)
The Prony method allows us to find zi in terms of the
known xn and, since ∆t is also known, to calculate the
quasinormal frequencies ωi.
In the frequency domain we shall use the well-known
method of Frobenius expansion [25]. We express Ψ in
(7) as a product of the series, convergent in r+ ≤ r < rc,
and a singular factor, which is fixed by the quasinormal
boundary conditions (11) in two regular singular points,
r+ and rc. This choice implies that the series are conver-
gent in r = rc if and only if the corresponding solution to
(7) satisfies the quasinormal boundary conditions. One
can also find the recurrence relation for the series coeffi-
cients, which in our case has 7 terms. Using the Gaus-
sian elimination we reduce the order of the recurrence
relation. Finally, from the condition for the series con-
vergence at r = rc we find an equation with the infinite
continued fraction, which can be solved numerically with
respect to the quasinormal frequency ω. For more details
we address the reader to our earlier paper [7] where we
considered the conformally coupled charged scalar field
in the same background.
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FIG. 2: Time-domain profile for eQ = 0.001, µ = 0, r− = 0,
r+ = 0.2rc (Q→ 0, ΛM
2 ≈ 0.023).
TABLE I: Crossing the threshold of instability for r− =
0.07r+, r+ = 0.186rc (Q ≈ 0.5M , ΛM
2 ≈ 0.023).
eQ ωr+ eQr+/rc
0.40 0.08916 + 0.00075i 0.07440
0.41 0.09149 + 0.00067i 0.07626
0.42 0.09383 + 0.00058i 0.07812
0.43 0.09617 + 0.00048i 0.07998
0.44 0.09850 + 0.00037i 0.08184
0.45 0.10083 + 0.00023i 0.08370
0.46 0.10317 + 0.00011i 0.08556
0.47 0.10551 − 0.00002i 0.08742
0.48 0.10784 − 0.00017i 0.08928
0.49 0.11017 − 0.00033i 0.09114
V. NUMERICAL RESULTS
The question which could be addressed first is for
which values of eQ and Λ the instability takes places.
We conclude that the onset of instability occurs for arbi-
trarily small values of eQ and Λ. An illustration of this
can be seen on fig. 2, where the instability with very small
growth rate eQ = 0.001 is shown. For smaller eQ the un-
stable mode has even smaller growth rate, which vanishes
when one goes to the limit eQ→ 0. For the exact value
eQ = 0, there is no static mode and the normal fall-off
takes place instead. For neutral fields the quasinormal
modes of asymptotically de Sitter black holes approach
quasinormal modes of asymptotically flat black holes in
the limit Λ → 0 [32]. As we can see here, for a charged
scalar field this is not true anymore, because a new un-
stable mode appear for however small Λ.
On figs. 3 and 4 one can see the time-domain pro-
files for various values of eQ near the onset of instability:
for almost neutral black hole Q → 0, but nonzero eQ
(fig. 3) and for highly charged black hole Q ≈M (fig. 4).
Comparison of these two plots shows that the black hole
charge Q only softly increases the threshold value of eQ
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FIG. 3: Time-domain profiles for eQ = 0.43 (red, growing)
eQ = 0.44 (green) eQ = 0.45 (blue, decaying), µ = 0, r− = 0,
r+ = 0.2rc (Q→ 0, ΛM
2 ≈ 0.023).
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FIG. 4: Time-domain profiles for eQ = 0.51 (red, growing)
eQ = 0.52 (green) eQ = 0.53 (blue, decaying), µ = 0, r− =
0.837r+, r+ = 0.106rc (Q ≈M , ΛM
2 ≈ 0.023).
for the onset of instability. On the contrary, larger cos-
mological constant Λ significantly diminishes the region
of instability as can be seen from fig. 6.
From Table I and II we can see that all the growing
modes satisfy the superradiance condition (10), which is
necessary but not sufficient condition for the instability.
That is why, some decayed modes in Table I and II in
the stable sector also satisfy the superradiance condition
TABLE II: Dominant modes for r− ≈ 0.0717r+ , r+ ≈
0.0108rc (Q ≈ 0.50M , ΛM
2 ≈ 0.0001).
eQ ωr+ (time domain) ωr+ (frequency domain) eQr+/rc
0.10 0.001099+0.000044i 0.00109917+0.000044298i 0.00108
0.50 0.00638 + 0.00104i 0.00637557 + 0.00102996i 0.00541
0.75 0.01080 + 0.00049i 0.0107901 + 0.000490746i 0.00813
0.80 0.01150 + 0.00023i 0.0115066 + 0.000224642i 0.00867
0.85 0.01215 − 0.00002i 0.0121627 − 0.000025554i 0.00921
0.90 0.01277 − 0.00024i 0.0127799 − 0.000248131i 0.00975
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FIG. 5: Time-domain profiles for charged eQ = 0.4 mass-
less (black) and massive: µr+ = 0.01 (blue), µr+ = 0.02
(green), and µr+ = 0.03 (red, stable) scalar field in Reissner-
Nordstro¨m-de Sitter background: r− = 0.07r+, r+ = 0.186rc
(Q = 0.5M , ΛM2 = 0.023).
(10). The fact that all growing modes satisfy (10) is a
strong indication that the found instability is of superra-
diant nature. From Table II we can also see that the time-
domain and frequency-domain calculations are in excel-
lent concordance. Note, that in [7] no instability for the
massless charged scalar field in the Kerr-Newman black
hole was observed, because the scalar field was taken in
its conformal form (despite eq. (4) in [7] is written for
the minimally coupled field).
The smaller Λ, the smaller is the instability growth
rate, so that in the real world the found instability should
have so small growth rate that it should practically look
like a kind of scalar “hair”. The exponential growth could
be significant only at cosmological times. Moreover, even
a very small but nonzero mass of the field µ would sta-
bilize the scalar field, though for large Λ one needs much
larger µ for stabilization. In addition, the instability re-
quires eQ ≫ µM which means that the electromagnetic
repulsion must much be larger than the gravitational at-
traction of a charged particle to the black hole. Thus, the
instability is far beyond the accretion limit for a charged
black hole (see fig. 5). Fig. 6 shows that for small Λ,
the critical value of eQ at which the stabilization occurs
quickly diminishes. This certainly does not contradict to
the fact that the instability takes place for however small
Λ.
VI. CONCLUSIONS
The main result of this work is observation of a su-
perradiant nature of the recently found instability of
a charged scalar field in the background of the 4-
dimensional Reissner-Nordstro¨m-de Sitter black hole. It
is evident that the distribution of the extracted from the
black hole electromagnetic energy between the event hori-
zon and cosmological horizon leads to such a bizarre in-
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FIG. 6: The instability region for a weakly charged Reissner-
Nordstro¨m-de Sitter black hole (Q→ 0, eQ 6= 0).
stability. A further interesting step in this direction could
be a nonlinear analysis of collapse of a charged field in
the de Sitter space.
The instability takes place for the spherically symmet-
ric perturbation ℓ = 0, while the superradiant condi-
tion is hold also for higher ℓ. Thus, once the instability
has superradiant origin, it would be natural to suspect
that there are growing modes for some range of param-
eters also at higher multipoles. We tested a few first ℓ
at moderately large values of eQ and found no unstable
modes, though one should not exclude this possibility ad
hoc. Apparently, higher multipole moment ℓ increases
the height of the potential barrier and makes the field
more stable.
The stability of higher multipoles is closely related also
to the perturbations of charged nonzero spin fields in the
Reissner-Nordstro¨m background. As the first dynamical
mode of the charged Dirac field starts not from ℓ = 0,
but effectively from ℓ = 1/2, while for higher spins the
lowest value of ℓ is larger, one should not expect any
instability of this kind for charged fields with nonzero
spin. Indeed, careful search in the frequency domain [7]
for a charged Dirac field shows no growing modes in the
spectrum. However, an additional check with the help of
the time-domain integration would guarantee us that no
unstable mode was lost in the frequency-domain search.
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